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THE AERODYNAMIC BEHAVIOR OF A HARMONICALLY OSCILLATING
FINITE SWEPTBACK WING IN,SUPERSONiC FLOW

By Chieh-Chien Chang.
© SUMMARY

By an extension of Evvard's "diaphragm" concept outside the wing
tip, the present paper presents two approximate methods for calculating
the aerodynamic behavior of harmonically oscillating, sweptback finite
wings with both supersonic leading and trailing edges. Both methods
are based upon the fact that the contribution of the so-called "diaphragm'
on the potential at a fixed point on the wing is approximately canceled
by the contribution of a portion of the wing itself, if the wing under-
goes steady harmonic oscillation at a low value of the frequency param-
we
a82
is velocity of sound; and B = VM2 -1, M being Mach number). It is
further necessary that the polnt be influenced by the diaphragm from
only one wing tip.

eter (where o 1s angular velocity per second; c¢ is chord; a

The first method expresses the integration in terms of Fresnal
integrals. The final expressions for the pressure coefficient are in
the form of integrals which may be readlly evaluated, using numerical
integration with available mathematical tables. ©Some calculations are
shown, and the results check well with the results of the second method.

"It is expected that this method should give accurate results in the

engineering sense if the frequency parameter 1s of the order one-

we
aB2
half or less. Even if the frequency parameter exceeds this value, the
pressure increments calculated asymptotically approach the correct values
at the inner edges of the tip Mach cone.

As a byproduct of the above approach, the expressions for the down-
wash of the wing wake, influenced by only the two tip dlaphragms, are
given in terms of Fresnal integrals. -

The second method is similar to the first one except that a series ‘
expansion of the source-strength function is used. When the frequency
parameter is small (ﬁg%<< %), the few terms used give good engineering
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accuracy. In the present case, five terms are considered. Of course,

the number of terms must increase as the frequency parameter increases. @
This method gives closed expressions for the pressure coefficients. In

applying the methbd, the calculations are lengthy, but no great computing

skill is required. For the benefit of design engineers, some expressions

of the average pressure coefficient over the entire rectangular wing tip

influenced by three-dimensional flow are given in a closed form, so that

they can be used to estimate the tip effect in preliminary design.

A number of graphs are presented to show the pressure distribution
of the wings at different Mach numbers, sweepback angles, and frequency
parameters. - Comparisons of the pressure coefficients calculated from
the present methods and the exact two-dimensional solutions based on
linearized theory are made.

INTRODUCTION

The aerodynamic behavior of a harmonically oscillating finite wing
in a supersonic flow has been recently studied by a number of investi-
gators, particularly Garrick and Rubinow (reference 1), Evvard (refer-
ence 2), and Miles (reference 3). TFrom the viewpoint of mathematical
physics, it is one phase of the mechanics of wave motion investigated
by a number of great physicists and applied mathematicians such as
Huyghens (reference 4), Maxwell, Kirchhoff, Sommerfeld, Hadamard, =
Volterra, and others over a number of years. The classical treatment,
however, is principally along the line of Cauchy's initial-value problem,
while the present aerodynamic problem is a boundary-value problem. The
classical results are of some help in the formulation of the present
problem but not of much help in the solution.

With the advent of gulded missiles and aircraft operating in the
supersonic range, trouble has been experienced with flutter of the wing
or control systems. It was such troubles that spurred the author to
obtain an understanding of the aerodynamic behavior of a harmonically
oscillating finite wing at supersonic speed. The two-dimensional case
of an arbitrary unsteady motion has been solved in the last few years
(references 5, 6, 7, and 8). But in the three-dimensional case up to
now very few useful results have been achieved.

The present paper treats the case of a finite wing with the leading
edge ahead of the Mach line. The wing may be swept back or forward.
Another condition has to be imposed, that the Mach cones at the nose and
the tip never intersect within the wing area. With slight modification, »
the method can be extended to more general wing plan forms. The wing
is supposed to undergo harmonic oscillations of small amplitude during
flight at supersonic speed. .
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For the wing plan form as specified above, the three-dimensional
flow fields are limited to three portions of the wing area: the area
within the nose Mach cone, and the two areas within the tip Mach cones.
In the remaining wing areas, the aerodynamic behavior can be calculated
with the two-dimensional theory of swept wings with supersonic leading
and trailing edges under harmonic oscillation (reference 6, e.g.).
Therefore, the present investigation is limited to the tip area and nose
area of the wing.

The author should express his appreclation to Miss V. O'Brien,
Miss P. Clarken, and Mr. B. T. Chu for their assistance in carrying out
the project. The present project was conducted at The Johns Hopkins

University under the sponsorship and with the financial assistance of
the National Advisory Committee for Aeronautics.

LINEARIZED DIFFERENTIAL EQUATION AND
SOLUTIONS OF SOURCE INTEGRATION
General Analysis

The linearized differential equation of unsteady compressible flow
is well-known (references 1 and 5)

2 2 2 2
8¢+5¢+5¢=L<B_+U5_>¢ (1a)
32 dy2  3z2 g2\0t dx

or, briefly,

2y _1fs o\
v¢—32<8t+U8x>¢ (1)

where U 1is the free-stream velocity and a 18 the sound speed of the
free-stream condition. (Symbols used in thie paper are deflnefi in
appendix A.) The velocity vector § = UL + Q' = Ul + grad § and 72

is the Laplacian operator. The elementary solution of the potential at

a point (x,y,z) at time t due to a source of time-dependent strength A
is

A t -7 + A t - T}
¢O(X:Y:Z:t3 E,n,8) = (§;ﬂ;§; l) T (&,n,éf 2) (2a)
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where the source is located at (£,1,f{) and

“'sl?(x'g e?By-n)2+<z-c>2} ®
x - £ r1
= ap2 ."; .
> ' (4)
’ . = Sx - E)M LI
aB2 a
where
B2 = M2 - 1

) In the case of harmonically oscillating source strength the source-

- gtrength function can be written as a product of two functions, one
containing the source position and the other showing the time dependence,
or, explicitly,

A( Esny st - ) = A( E;,n, E)E(t - T)

Equation (2a) then becomes:

¢O(X:Y:Z:t5 g,y 8) = “‘(_E&Q‘[(t - Tl) + f(t - Tg] (2p)

In the whole domain surrounding the wing in supersonic flight, there
is one particular streamline surface which is of interest to the problem.
This streamline surface is formed by the streamlines, which coming from -
upstream either strike the wing leading edge or pass through the fore-
most Mach line of the tip Mach cones. It follows the contour of the
wing (both upper and lower surfaces), reunites at the trailing edge, and
then extends to infinity at downstream.
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Figure 1 shows the streamline surface which is associated with an
oscillating wing in a supersonic flow at time +t.

The whole streamline surface can be divided into eight zones as
shown. Ahead of the supersonic leading edge and outside the two tip
Mach cones, the flow is not influenced by any of the disturbances caused
by the wing. This 1s called zone 1 as shown. The portion of the stream-
line surface behind the supersonic leading edge and between the tip Mach
cones is called zone 2. In this zone the potential at any point on the
top wing surface (or bottom) is never influenced by the flow on the
opposite side. Therefore, the source solution of equation (2b) can be
applied without restriction, if the source-strength function A 1is
known.

Zone 3 represents the portion of the wing influenced by the right
tip Mach cone and zone 4 by the left tip Mach cone. In these two zones,
the flow on one wing surface is influenced by the flow on the opposite
side. The simple source solution of equation (2b) cannot be applied.
The present paper gives the approximate solution for these two zones
for the case where the two tip Mach cones meet on or outside the trailing
edge. The present method with slight modification can also be extended
to the case that the tip Mach cones intersect inside the wing area (not
shown in fig. 1), but no diaphragm within the forward Mach cone of the
point under consideration is influenced by the diaphragm on the other
side.

Zone 5 is the portion of the streamline surface outside the wing
surface influenced only by the right tip Mach cone; similarly zone 6 is
influenced only by the left tip Mach cone. Zone 7 1s the portion of the
streamline surface after the trailing edge influenced by neither Mach
cone. Zone 8 is the portion of the streamline surface influenced by both
Mach cones. Of course, if the wing moves slightly up and down with time,
the streamline surface and consequently the diaphragm must also move up
and down with it. With the concept of Evvard (reference‘9), any finite
wing in supersonic flow can be considered to be attached over its stream-
line surface outside the wing (such as zones 5, 6, 7, and 8) to a thin
welghtless rubber diaphragm, of which the pressure on both sides at a
point must be balanced and through which no fluid can leak.

The diaphragm is imagined to extend to the outer edge of the tip
Mach cone, and to coincide with the shape of the streamline surface.
Thus, the rubber diaphragm can be considered as an extension of the wing.
The flow on the upper side of the wing with its extension can be con-
sidered as independent of the flow on the lower side of the wing and
vice versa. The potential at any point on one side of the wing can be
evaluated from the source distribution on the same side of the wing and
the diaphragm within the forward Mach cone of that point. In the steady
case 1t has been shown by Puckett that the source strength at a point
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ot the wing is directly proportional to the slope at the point and inde-
pendent of the slope of its neighboring points. Evvard has shown that
the solutions obtained using the diaphragm concept are identical to
those of conical flow (reference 9).

For steady flows, the principal advantage‘of Evvard's method is
that the slope of a point on the diaphragm is determined solely by the
slopes of the wing surface along the characteristic or Mach line through
the point, as long as the point on the diaphragm is ahead of the Mach
cone from the other wing tip. 1In the case of unsteady flow, it can be
shown that the above statement is approximately true if the wing slopes
vary very slowly with time. Using the diaphragm concept, the disturbance
potential at any point can be considered as the effect of sources of the
wing system on the same side. (Of course, the slope of the imaginary
diaphragm depends on the flows over both wing surfaces. ) It becomes
apparent that the potential can be evaluated by the well-known source-
integration method. Let us consider a point on the diaphragm where the
potential contributed by sources on either side of the wing must be the
same. It has been shown by Evvard that the source strength is propor-
tional to the vertical component of the perturbation velocity, or, more
directly, is proportional to the local slope of the wing surface or the
diaphragm even if the flow 1s not steady. Mathematically, this is shown

as A= —— = Ja

B2 @2
bation velocity and a denotes the slope of the streamline surface.

where w 1is the vertical component of the pertur-

The following equations can be written to denote:
The slope at the upper wing surface at time t - Ty by

The slope of the upper wing surface at time t - To by
’ QT,Q = UT(anJ+O}t - Tg)

The slope of the lower wing surface at time -t - T by
og,1 = cB(g,n,-O,t - Tl)

> (5)
The slope of the lower wing surface at time t - To by
‘\ 0,2 = og(&;n,-0,t - T2)
The slope on the diaphragm at time t - T, by
A'1 = x(&:nJO:t - Tl)
The slope on the diaphragm at time t - To by
Mo = M(EM,0,t - ) J
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Then the potential can be written at any point on the top or bottom

streamline surface as:

¢T(X)Y: +0,t) = -

U , (UT,l + UT,E) dt dn
QnBQ r
Sy

u (M +rp) @& an
EnBEf ' r
5p

¢B(X:Y: 'O:t) =-

U . (UB,l + GB,E) d§ dT]
2nB2 T
Sw

2

U (M + rp) at an
HBE r
Sy

~

(6)

Or, in an oblique coordinate system whose axes lie parallel to the Mach
lines and whose origin is placed at the point of tangency of the Mach

line to the leading edge of the wing tip (the junction of the supersonic
and subsonic leading edge) (see fig. 2), these equations can be written

as:




Pp(u,v,+0,1t) —-—// u'

¢B(u: v,-0,t)
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X e

=

Syw1t5y0

2nM

LY
2
Sp

'\/(u -u' ) (v - v')

v',t - Tl) + c,i.(u',v',t - 1'2> st v
Jia = w) (v - v)
t - Tl) + )‘,(u',v',t - TE) du' av'
u -u' ) (v -v")
u',v',t - Tl) + cB(u',v',t - 'r2) fa' !
(u -u' ) (v - v)
x(u',v’,t - Tl) + X(u v',t - 'r2) s dv'

where (u,v) is the transformed coordinate of the point originally at
(x,y) and (u',v') is the transformed coordinate of the source element

originally at (&,n) in the X,y system.
systems are related by the followlng transformation equations:

u=§M§(X-By)

.x=%'(v+u)

w' = g5 (& - pn)

g =%(v' +u')
d¢ dn

—

vl gy

.

V'=2—b}13-(§+6n) [
n=1%(V' - u')
_E,B_ t = 3.t
—Mzdu dav

The o0ld and new coordinate

(7)

(8a)
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Substituting equations (1la), (11b), and the above value of the T's
into equation (13), there is obtained:

p im( _Vpv ) vp(u') . ( —VD-V )
Mu',v')e ap ce ap
av' = - av' (1k)
/2 n1/2
' (VD -v ) ' (VD -v )
vo(u') vy (u')
Now if in equation (12) cos aiébﬁ (uw - u')l,/g(vw - v‘)l/ejl =1 exactly,

the integral at the right-hand side of the equation will reduce to the
form:

vo(u')  -iw v -iw
2 —= (V- V! : w ——(vy-V
] ) ) |
a av' + dv (15) «
(v - v.)1/2 . (Y - v.)1/2
vy (u') vo(u')
which according to egquation (14) is zero, because here v, = Vp-

In general, cos [a_QBQM' (uw - U—')l/e(vw - v')l/zjl = CcOoB 9—:— is less

than unity. (Note that r = 'lé' \/(x - &) - By - 1)2 1is the hyper-
: B

bolic distance, not the geometrical distance.) But for small values of

%, the variation of cos,a—;r- from unity is very small. Suppose that

the following condition is imposed: —= < % Then

~ 2
1 2 cos %I—' >1 - %(%) = 0.875. In both integrals the factor cos ‘-1;1
will reduce the value of each integrand & small percentage in view of

the monotonically decreasing nature of cos % for small values of %r—
Of course, the net contribution of both integrals cannot cancel out

exactly as if cos % = 1, which is located on the left tip Mach line.
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Obviously,

A—> 0o as wD——>'v2

A—> 0 aé VD——>OO

For the case vy > v2‘(fig. 2), Vo - V7 can be divided into n equal
parts and the ith division can be denoted by vi' (where vi' = vy
for i =0 and v4' =vy, for 1 =n). Then,

vyt+l
ZH(vpv')
e [} / t
X(u’VD’t> o (V’ - v2 1/2 ZE:: (VD - vv)l/2 (v2 - v )1/2 av
v, '+l
_ n 12 : e——'—(VD'v )
= - , :E:: (v2 - v‘) av'
T
i

(19)

vwhere the division is so fine that Vo - v = Vo - vi' can be taken out

of the integration sign for the first approximation. Incidentally, the
integral left can be transformed to the Fresnal integral (reference 10).
Equation (19) then -becomes:

a /2 aeﬂﬁt n
)”(u’vD’ t) - <2nc§>l (VD - VE)I/2 Z (VE ) V1)1/2|E3 (Zi+l) )

C(Z1) - 15(Z44) + iS(Ziﬂ | | . (20)
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where

(21)

Q
—~
N
N’
I
s>

N

0

o

o
Mol

N

o

S

Y

z
s(z) =,f sin = 72 4z
o >

Some of the basic properties of the Fresnal integral are given in
equations (29).
APPROXIMATTON THEORY OF VELOCITY POTENTIAL AND'PRESSURE COEFFICIENT
AT A POINT ON A HARMONICALLY OSCILLATING SWEPTBACK FINITE

WING WITH SUPERSONIC LEADING EDGES - FIRST METHOD

.

Assume the whole wing flapping up and down according to
cT(t) = oe ‘where o is the amplitude of oscillation. In fact,

Maximum descending rate of wing Bmax

a = -
Free-stream velocity U

The frequency of oscillation per second is é%. The velocity potential

of such oscillation may be considered as due to harmonic sources and is

.

3The author should express his appreciation to Dr. J. C. Evvard
for a discussion on this approximation method in May 1948.
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Since in most practical cases straight leading edgees are under consider-
ation, put (cf. equation (9) and fig. 3):

1
]
1

v =vy(u) = kju or u=uy(v) v/kl

1
i
n

v = vp(u) = kou or u = uy(v) v/k2

as the equation of the supersonic wing edge outside the tip Mach cone
and the subsonic leading edge within the Mach cone. Then, equation (22a)
can be written as:

(220)

% V. “iml =2 1l 11
Bt 10,t) = LB au " e e s oy V2]
oM (u, - u)i/2 (vy - v)/2 .
kju

2 (vt ugut) ¥ E(mut) 2 vy 12
where it is understood that e
(vt uguty - Suu) Y2 (v ey )1/2]

stands for the sum of e

:iglng-v +uy,-u' )-+Ek -u')l/2 —v')l/é]
e

and &
Introducing the following new variables Z and Z 1instead of v',
20 1/2'_ 1/2 1 1 é:
= (-—aBn) (v - v') /2 _ ¥ (wy - u') /_ (23a)
= 2w \1/2; 1/2 ., 1 5|
Z = (m) [Vw - V') / + ﬁ (uw - u')l/g— (23b)
so that
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Now introduce another new variable Y instead of u':

_ (208 \1/2 (1/2
v -(2g) Y e
s0 that
ar = _..1_<2<»B)1/2 du’
2\naM? (uy = u')l/2
2 /2 |
2 kM Y
2 = [@% (= Fa%e) * =5 YQ] ) (27a)
Zo = _%- (27o)
_ w2 |12
Zq = [g%% (vy - Kjuy) + —;2— Y% + % (27c)
Zp = % = ~Zp (274d)
If
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then equation (24) becomes:

Yy _ingp -C(Z1) + 18(Zq)

Uda iat 2
Ugyy Vg 40,1} = —— € dYe _ _ (28)
Plowmot0t) = g 0 -C(Zy) *+ 18(Z1)

At this stage more Fresnal integrals can be introduced by integrating
by parts. For this purpose, the following properties of a Fresnal
integral may be useful:

€ in )2 SmE

c(e) - i8(e) T2 aer =

"
o

[J_l/z(a') - iJl/Q(CL')] da'

ne2

P

~~~
N
—
—~
g.
A

do! (29a)

ot

» | . <@| = %€2>

€
1 1 n _2 1
S(e') de' = eS(€) + = 8 — €° - =
I} (e) (€) KCO2 - (29b)

€
I C(e') de' = €C(¢) —%{-sing-ee (29¢)
- yo0

=
\J1
NO

Cle) =7 <g €2> +J (gez)-»J (—ge2>+ ... =§:J1 (%ee) (294)
-

ol
|
ol
B

|
n

s(e) Ze Ze2) (29)

’
1]
()
(W8]
TN
12
m
no
—
+
Cy
-3
TN
no
no
N
+
L
N o
T
A
m
n
N
+
i
(]
AW
Py
n

=42n

o
no}
il
o
o
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where J( ) 1is the Bessel function and H(z)( ) is the Hankel function
of the second kind and various subscripts indicate the order of these
functions. For large values of e,

Cle) =2+ sin 52+ o<215> (29¢)
S(e) = ;QL- - ?rl_e cos -g-€2 + O<§> : (29¢)

8(¥®) = C(%°) = e (29n)
s(e) = -8(-¢), c(e) = -C(-¢) (291)

For details, see reference 10, pages 5Ll to 546 and Thh to 745, and also
reference 11.

However, it is difficult, if not impossible, to reduce equation (28)

to a closed form. Besides, there is usually more interest in the pres-
sure coefficient which is generally known as:

CP(X:.Y:t) = ‘i éﬁ -2 éﬁ (30)

rather than the potential itself. In the wu,v coordinate system, the
pressure coefficient is given by:

of d d

__ 2% 2 3¢ Ouy = dF Ovw

Cp(x,y,+0,t) TR ot <8uw ox * vy, 8x>
2 of g op :
—-U25€-UB<BUW ov. > (31)

Now,

3t 10 (U Vs +0, 1) (32)
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Differentiating equation (28) with respect to w, and v,

Jiny 2 _
of upaet e ® l' c(z3) - ¢(Z )'+-1[§~z +8(Z3) b+
Ouyy M2 Yy (23) 3 (23) 3 |
: in 2 in = 2
Uk, Ge 0t e imge ! -7 A
2 e e
- e d (33)
T BZ; + Y BZ, - Y A
o X
.i_ﬂ 2
-=Y
- 2 1 :
§g=_1uai‘°’° £(Z2) - ¢(Z3) + 1S(Z,) + iS(Z -
avy, Ko M2 T, ( 3) ( 3) ( 3) ' ( 3)
in in = - .
T —% Y2 -3 nf -FT LB |

Uae e day £ + € (3&)

Y BZy + Y BZy - Y

where

‘ 2 1/2

2 1M Y .

1/2
_ kM2 Y
Z3 = [_2_&_ (v - kquy) + ;2 le] s+ (3%)
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The pressure coefficlent 1s then given by:

it . 2
_imt_;_<1'k2>1 "z h

C.(x +0,t) = ae
P(;Y; ,) M Ko

The above equation 1s used to calculate Cp along the trailing

edge of a rectangular wing tip which is harmonically oscillating. (See
fig. 5.) In this particular instance, M =\/2, the frequency parameter

£ 0.2, and the chord ¢ 1s taken as unity. The curve is plotted in

a82 C

the form ———i-f;t- against y (positive y measured outward along the
ae

span) so that for any specified amplitude of oscillation & the pres-

sure distribution at any instant t can be estimated from a single

C
curve. As _—ﬂ% is a complex quantity, the real and imaginary parts,
ae

C C
denoted by —E—. and | —2— respectively, are plotted separately.
iwt it )’ ’
qel®t/p aei®t /1

If the harmonic oscillation is & cos wt, that is, the real part of

Eei“’t, then Cp can be calculated from:

Cp(ﬁ’%:q =& <——EP—-> cos wt - <_Cla;L>I sin wt (372)
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and, replacing ky by ky',

Z" =2 1in equation (25a)

Zi" = Zi in equation (25¢c)’

Similarly Y can be defined as in equation (26) and by the same
procedure Cp can be determined.

APPROXIMATE ANATYTIC SOLUTIONS OF PRESSURE ON AN

OSCILLATING FINITE WING - SECOND METHOD

In the preceding section, an approximate integral solution for the
oscillating finite wing is given, and an example of calculation is shown,
but the full evaluation of the integral for a large number of cases
would take more time than was available. However, for very low fre-
quencies, this problem can be solved asymptotically by using a few terms
of a series expansion of ,w(u,v,t). In the following:section the approx-
imate analytic expressions will be shown. C '

Analysis

From equation (22a),

iwTy -ﬂDTQ
Pr(x,y,+40,%) = - — at an (ko)

where S 4 1is the area PABC as shown in figure 6. - Since the two-

dimensional solution with supersonic leading edge_isbknown; the'potehtiélA
can be obtained alternatively by calculating the contribution of"S&é’
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which is the area BCD, the difference between the two-dimensional source
area PAD and S as shown in figure 6. Then,

Uge J00t -iwTy L o 072
e e
fp(x,y,+0,t) = - ;- ; . 4k dn -
T
S

wl+swa

-iwTy -1iwTo
+

dE dn
Swa
= ¢0(X;§Y)+O;t) - 5(X,Y;+O,t) (41)
iwt -iwry -1wTs
¢(x,y,+0,‘t) = ‘E.LE—' = L2 dg dn
2nB r
Sya .
1 k/lfw(g,n,+0,t - Tl) + w(g,n,+0,t - 72)
= - dg dn
Swa

(k2)

The variables Ty, Toy T, and w are the same as before. In this

development, it is found more convenient to introduce a new coordinsate
system as follows: The x'-axis passing through the fixed point (x,y)
runs upward along the right forward Mach line. The origin is taken as
the point where the x'-axis intersects the wing-tip side edge. The
y'-axis following the other Mach line runs left upward as shown in
figure 6. The origin of the x',y' coordinate system is translated
from the origin of the x,y system a distance %%, where 8 can be
shown to be
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(x + By) (43)

\

8 =

@™

which is a function of the point P(x,y) only. The transformation
relations are

r _ M B _ 1M _ By .
X —-E—B-<x—ﬂ-6-[3y>—--2-<§x-lvty—6) x—-ﬁ(x +y -6)
. M ' 1/M 1., .
¥y =-§<x-%6+ﬁy>—--2-<§x+w-5> y=ﬁ-<x -y)
O L) e =Bt vn - 8)b (W)
v gl - o) i =g - )
ofx',y') M2
ox,y) 2B ]
and

T = 53 (8 +n - x) - & VETZET_TT;;SJ [ | (o)
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Integrating with respect to n' and intfoducing a group of new
notations, ' , o .

v 85
, ) - _ 1wt B-k
- -\2y Uge™® -
¢(X';Y':+O;t) = 2 ) dz —l—(egz2 + ehz)1L + ‘?626 + e8z8 +

™M Jo Vb - 22 |
elozlo) + va- 22<guzl*L + g626 + g828) + (b - 22)3/2h6z%]

(49)
1 1 o 71 71 '
vhere y, = ——— y_ = ——— 72 -} . - M, b =By:8 - — x', and
1 B - K D B+ K 75 ) 1 75 > €

the e's, g's, and hg are given in appendix B. With the sid of the
formulas in &appendix C, the following integration of equation (L49) can
be carried out with respect to =z:

_ g 5 . L
Bx,y,40,%) = -5 fiei‘”t[sin'l BB S o - 90"+ O ) L o - k)" o
Y n=1 » n=
~ 3 2 B
V-(x + By)3 > 93 p(x - k)™ + V-y(x + By)? E:g oy, n(x = ky)™ +
: n=0 n=
: 1
9
V-y(x + 8y)7 nZ=0’ O, n(% = W)™+ \oylx 4 By)7 og 4

3 2 -
\/—y3(x +By) S o n(x - )+ \-y3(x + gy)3 Zo og ,(x - k)™ +
. n=1 ’ n= s
—_— 1 » : : '
|-v3(x + By)? g;g dg n(x - ky)™ + -y3(x + py)T 010,0] . - (50)

where the op ,'s (m and n are integers) in terms of ®, k, M,
Y

m
and B are given in appendix B. By definition,
T __ 2% 2% : (51)
P U2 3t U dx

Differentlating equation (50) with respect to t,

2P By | (52)
TRt g2
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where again the Om n’s are given in appendix B. The actual pressure
coefficient is ’ S
R
Cp B e e - = —
U° 3t U ox

TZ e e cv— L, e —— | o— py o—— o—p—

Cpo(x)}’:oyt) - Ep‘(X:Y;O:t) : - _ | (54)

where f@p = @, - 5 as given in equation (k1) ana Cpo(x,y,o,t) is the
bressure coefficient of the two-dimensional case as given in reference 5.

Rectangular Wing Tip
|

For the rectangular wing (k = 0) equations (53) and (54) reduce to

. 5 L4
Cp(x,y,+0,t) = % &eﬂut[%in—l E"%%EX:EE: anxn +\/~y(x + By) ZE: bnxn +
n=0

n=0
| 3 5
Vr(x + ey)3 S epx® 4 J-y(x +By)” > apxD +
n=0 n=0
— 1
w—y(x + By)7 zz: enxn + ﬂ-y(x + By)9 f +
n=0

—_—— 3 —— 2
V-y3(x + By) > gnX" + V-y3(x + By)3 > hox™ +
‘ n=0 n=0

V 1
o3+ 89 5 1 453+ )T (55)
n=0 ~

vhere the a's, b's, c's, d's, e's, f, g's, h's, i's, and

are given in appendix B. (The particular Um,nls for k =0 are

found in appendix B.)
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Average Pressure Coefficlent over Rectangular Wing Tip

For engineering purposes,; an average value of Cp,av over the

entire tip influenced by the three-dimensional flow may be useful.
(Assume unit tip chord.)

’ rlr -X/B '
_ l
Co,av = 35 ax Jf ayCy,

..X/B _
ij L[W X)Y) - CP(X + BY:+Oﬁ

Cp1 * Cpo _ - (56)

where 2B ig' the wing-tip area influenced by three—dimehsional flow.

1 5 -x/P
_ oL glot o N B N
Cpl = b ae dx'ggg a, X dy<81n " - 2>
0 . 0
1 5 1
=‘ﬁ§; aelwt dx EE: anxn cos™t g dq -
0 n=0 -1
o ol gdot zf: ®n (57)
=L ¢ o nt 2
where
X+ By _ 4
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1 —x/Bh N
-1 -
Coz = 33% imt, o ax dy[y (x + By) EZ:'bnxn +
2
,Fy(x + By)3 EE: cnxn + W (x + By)? E:: dnx +
‘ nrO O
\/ (x + By)7 Ez: e X + V- (x + By)9 £+ w-y3(x + By) Z{: g™ +
» n=0 _ :
—_— 2 N 1 '
3 (x + By)3 > h?XHW+ V:y3(x + By)? Eiﬁ*inxn~+‘d-y3(x +ey) T3
o n=0 °* : n=0 . :
N (58a)
Let By = -z?. Expanding higher pbﬁers in terms of (x - zé)l/gxkigs;
the integral may be integrated by formula (C2) in appendix C to
. N | » : | :
sz = 11; a,ewt j(; 'dx(bl'x f“.bE'X3<+ b3'_xl* + bh'x5_+' b5fx6> :
='-1_m§ ey
=i n+ n+2 ‘ o
The bn"s are given in appendix B. Hence,
) Ql ot 2 aﬁ $bg! 10t <2 | P oy
pav =g 8 2 oy - we S o (59)
n=0 ‘ .. n=0 S - :

(See appendix.ﬁ.)

Calculatlons and Graphs

Owing to the complicated nature of the formulas in this section,
the calculations are rather tedious. The calculations are too long to
be included here, but the essential results are summarized in figures 7
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to 15. The pressuré coefficient given in this paper is referred to a
»point on the upper surface of the wing. Filgures 7 to 10 give the pres-
sure distribution on a rectangular wing tip of unit chord with different

'frée-stream flighthdch numbers. The freqﬁency parameter %? is taken
‘ ' | | 7C

as 0.2 ifi these calculations. As before the complex quantity :_SEE
. . . , Se

.. 1s ‘used and plotted in two parts - real and imaginary (e.g., figs. 7{a)

R and 7(b)).. These curves are plotted along the spanwise direction (y

" ~being negdtive when heasured inward from the tip) at various percéntages

N nC : _
of chord. If :~§%€ along the chordwise direction is desired, some
. . Ge . .

 crqss—plottihg is'nécéssary;  It should be noted that these curves do

B not give the pressure chfficient CP directly, hut Cp may be calcu-

1ated easily from them by using equation {372) or (37p) or both.

Figure 7 is calculated for a Mach number of Vﬁl (Note that
figure 7 checks well with figure 5 which was calculated by the first
7C

method.) It is seen that (———ll—> is zero at the wing tip (see

fig. T(a)) for all values of X, except at the leading edge where

7C ,
—~§%€ becomes 2n, which is in agreement with the two-dimensional
ae R .

result along the Mach line -y = x. Taking the trailing edge (x = 1.0)
nC

as another example <
’ Fgelot

) increases from zero at the tip (y = 0) to
R

a value of -1.885n at -y = x s 1. Thus it is seen that for this
nC '
case <:fE£E> varies very little along the left Mach line of the tip
ae R
as is shown by the dotted line in figure 7(a). The horizontal solid
line for -y > 1.0 is the two-dimensional result. The imaginary part
7C
(g;iﬁf) shown in figure 7(b) is of a similar nature. Figures 8, 9,
I
and 10 show the same wing oscillating under the same conditions except
that the free-stream Mach number is now 2, 3, and 4, respectively. A
few points may be of interest. As the Mach number increases, the maximum

nC nC
magnitudes of both |— 'p and :—%R— decrease, while the two-
Gelwt R gelwt I

dimensional values become more nearly constant.
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In order to show the accuracy of this method, a comparison between
the result of the present approximate method and the two-dimensional
values along the left Mach line of the tip cone is given in figure 11.
The  case consldered is a rectangular wing tip (k = 0) and the free-stream
Mach number 1s taken as V@l The solid line shown is the spproximation

we ..

and the dotted line is the exact one. At — = 0.283, the deviation is’
. . - aB .
unnoticeable. At ,fE% = 0.707, which is beyond the imposed 1limit, the
. . aB . - - 3 i

maximunm deviation of the imaginary part amounts to 10 percéﬁt. The same
curve at x = 0.8 corresponds to the case of x/c =1 with lower fre-

quency parameter ﬁg% = 0.707; at % = 0.5656 the maximum deviation is
. ap v : .
" of the order of 2. percent. Thus beyond £ - 0.5 the apprbkimation of

aB2

the imaginary part is not very favorable unless more terms of the series
. expansion are taken. :

There is another parameter which influences the accuracy of the
present method, that is, the sweepback angle (A = tan=1 k) of the super-
sonic leading edge. Figure 12 offers such a comparison. Here the Mach
number is \2, —=
a62
line gives the two-dimensional exact results along the left tip Mach

C
line, and the lighter line of the same kind gives :—EZE- of the present
ae

= 0.283, and the parameter k varies. The heavier

C
method. Although :;%EE does show s8light deviation from the exact value
oe

at higher values of k, the comparison ig favorable.

In order to show some cases with high sweepback angle (although the
leading edge is still supersonic), figure 13 gives the distribution of

:EEBE over the three-dimensional wing tip of a 45° sweepback angle at
ae

M = 2. For a matter of convenience in calculation, the results are
expressed .in oblique coordinates x + By and x - y. The line

X + By = Constant is parallel to the left Mach line, while

X - y = Constant 1is parallel to the leading edge. Here, the chord
normal to the leading edge is chosen as unity. Therefore, x -y
represents percentage of chord. With such a definition of the chord,

the chord ¢ wused in the frequency parameter should be considered

@c
: ap®
as this normal chord. The circles at the left lower corner of

figure 13(a) represent the values along the left Mach line. With the
sketch on the figure, the general features of the curves are clear.
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-A comparison of results of this sweepback case*with two-

— iwt

dimensional exact values of ——B——. is also shown in figure lh The . . *
~ - - . ’a/e. . - ) !

comparison’is favorable. The two-dimensional vaIUe Of":;%EE fdr a
sweptback wing is obtained from reference 6.

- 'For engineers,tthe pressure distribution on the three-dimensional
wing tip 1s not of so much interest as the average pressure distribution

Cp,av Flgure 15 calculated from equation (59)_may serve such a purpose.

The expression Cy, = ECP av may be considered as the 1lift coefficient

for the three-dimensional wing tip ‘The rectangular wing tin (k = 0)
at various Mach numbers is considered. The dotted curves correspond to

%? = 0.2; and the solid‘curves, to %? = 0.5. The magnitudes of both

. o |
the real and the imaginary parts of :—EEE decrease with increasing
ae

Machlnnmber as mentioned before. The change of n%? from 0.2 to 0.5 .
causes a slight drop in the real part of :_%EE but a greater drop. in
: . . . e 1! u

the.imaginary part. .The average pressure at %? = 0.2 deviates so
little from the steady case (w = 0) that it is hard to show in
figure 15(a).

~ The present method does give a closed expression, bUt-it takes a
great deal of time to calculate even a single point. = I -

DISCUSSION OF RESULTS..

With the above analysis, a few points should be emphasized. From
Evvard's concept of the-"diaphragm," the two approximate methods have
been shown to give a satisfactory pressure- distribution in'the wing tip
influenced by the three-dimensional flow, if the frequency parameter 1s
low and if the’ leading and tralling edges are supersonlc

-The comparison of the pressure coefficiént ‘obtained by the second
method with two-dimensional exact solutions of linearized theory is

e
favorable, if the frequency parameter —55 is around 0.5 and the point
a : : -

is at the trailing edge. It is expected that the first method should




NACA TN 2467 : -39

give satisfactory results with the frequency parameter of the order of
one-half. Of course, if only the average pressure coefficient over the
entire tip bounded by the left tip Mach line is wanted, a higher fre-
quency parameter up to the order of unity may be used.

The effect of the three-dimensional flow on the wing tip is essen-
tially to reduce the pressure increment in the area. With the approxi-
mation given by the present theory, the pressure coefficient at the tip
side edge is zero except at the point on the leading edge. Of course,
the exact theory would give finite values at the side edge, which would
approach zero (as w-—>0) as predicted by the conical-flow theory. At
low values of the frequency parameter, the effects of the finite edge
pressures give negligibly small contributions to the aerodynamic behavior
of the wing as a whole. It is in this fact that the present methods find
their justification. ’ \

'The effect of increasing Mach number is to reduce the real and

C

imaginary parts of :—EBE in magnitude, if the sweepback angle and the
ae

frequency parameter remain the same. If other conditions of the wing
remain the same, increase of the sweepback angle causes the magnitude of
C

P
- iwt
ae

the real part of to increase and the imaginary part of it to

decrease as shown in figure 12. Increase of fregquency parametef has
the opposite effect.

The pressure coefficient of a point influenced by the nose of the
sweptback wing is given in terms of the Fresnal integral. It is not
difficult to carry out the numerical integration for this case. In this
portion of the wing, no approximation is used.

The first method of calculating Cp at the tip using the Fresnal
integral appears worthy of more extensive study in the future as the
method is very simple and useful. The second method gives closed

expressions for Cp and Cp,av and it has been investigated extensively

in the present report.

The present analysis applies only to cases in which the flow at the
leading and trailing edges is supersonic, and the nose Mach cone and the

tip Mach cone do not intersect within the wing area. With slight modifi-

cation the methods can be extended to more general wing plan forms.

The Johns Hopkins University
Baltimore, Md., November 15, 1949
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APPENDIX A
‘SYMBOLS

velocity of sound
source stfength

4

b = By.5 - ;ﬁ x' (equation (49))

coefficients of C
P,av

chord

‘drag coefficient

lift coefficient

moment coefficient

pressure coefficient

Fresnal integral cos = (e')? ge!

0
function concerning source strength

maximum descending rate

unit vector in x-direction

constants expressing wing inclination

NACA TN 2467

~
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M free-stream Mach number
q velocity vector
q' perturbation velocity vector
N ,
e fx- 02 - (R - )y - w2+ (2 - 07
M= -1
S surface
€ B v :
S(¢) Fresnal integral sin 3 (¢')e de'| (see fig. 2)
0
t time
U free-stream velocity
u,Vv characteristic coordinates
u' source location along u-axis
v' source location along v-axis -
W velocity component in z-direction
X longitudinal axis
x',y' transformed axes
y spanwise axis
| 1/2 |
naM
1 naMe k2
Z vertical axis

Z = <£%>1/2va ] v,)l/E i M;<uw _ u,)l/z]

b1
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2] 1/2
= |ow KM s 1
Zy = [;Bﬂ <vw - kluw) + 32 Yy + ;

) VW 1/2 | . VW /
(_2___)1/2 <Vw_ﬁ_> +$<uw\-;>12

apn kg o
a angle of attack or slope of streamline surface
a amplitude of angle of attack <hmaX/U>
B - I -1
A sweepback angle
71 constant (E—%}i;)
72 éonstant ' (B " k)
73 constant <B 2+kk>
5 = % (x + By) ‘
4 source location along z-axis
M soﬁrce location along y-axis
A slopevof diaphragm
py . amplitude of osciliatioﬁ on diaphragm
p==¢8"-x'
3 ~ source location along x-axis (t-axis)
Op slope of bottom wing surface
O slope of top wing surface
cm,n coefficients for Cp

43
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el

T time interval
M T
Ty = —= (x - §) - =
1 382 a
M r
Tn = —x (x - &) + =
2 aBQ a
¢ perturbation velocity potential
W angular velocity per second
frequency parameter (a:d___;)
o . frequency parameter <£M—£)
ap?
Subscripts:
B bottom wing surface
D diaphragm, except in the case of drag coefficient Cp
I imaginary part
R real part
T top wing surface

w wing
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APPENDIX B

FORMULAS USED IN SECOND METHND

Formulas for Use with Equation (L49)

ey = h-,bi&ig(x—ky) -9152722(X-1§Y) + §1w3 3x-ky)3+ 2 g‘“ 72 H(x - ky)u

7
e, = -—la—]: —EE&JE) - 1&63272(}( - ky) + 21(703722()(’- ky)2 + %mhygii(x - ]qr)ﬂ
2
4
eg = Zﬁ(ﬁ) [. 52+ 21&)372(x - ky) + &4722()( - ky)E]

733(72\3 '
o - B b w]

u721/2_ 2, 2 .- 1 |

gy = ——<—7—£> we[-§-+ 3 10)7‘2()( - ky) + 3 CD2722(X - k}’)g]
y(72V/2 32 2 731

o ifles) - St ]
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where

~
(OS]
no
|
—_—TT—
\QI\E
n -
~——
no
TN
=
w
no
1
W=
~
w
+
—
Gl
~—

_E“<;4u38232 64 \
734‘( ) 273 T37377 573 "3’5’73+3—f5'>

Formulas for Use with Equations (50) and (53)

o

1,1 2(7172)1/2(2)

/2.~ 3
01,2 = 2(7172) / 1“’72('2 ) 731)

=

- 1/2z2, 2 3 2 117

n

_ Vo3, 31,3, .o, .35 17,517\
Op,u = 2(7172)7 T2 (3 TR 873271937337 g v, T 18 32 2731>
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1,5

3,0

03,1

3,3
4,0
0]4_,1

4,2

3,2

TN 2467

= o(rir ) 2ty fg s Lg 2y s 1_39% 733' . % Yo+
- 207 Y3(-2)

= 2(77) /21w72<2 T2 731)

= 2(7) Y% 2<1 *371 57 " 4 %)

= 2(71)1/2@3723<-% - 17337 Tt 67145 % +% v
= 2(71)1/2@h72h[°f_2 } 11: 731 " % 730 " 1%52' 733 " 2_25% ot
- 2(71)1/2L572(731)

= 200)Y2%Pr2 (13 + 55 730)

= 2(71)1/21&)3723<—% 731 - ‘122‘ 732 - % 733)

= 20 2@“72%‘2‘ "t 3 T T e 73‘3‘ 18 )

= 2y 25)2722@ 732)

= 2(7)1/2353723<’% 732 - %% 733>

1/2.0 4 1 7 7 '
2(7)~ @y, (—g 732 ~ 92733 T~ 160 73h>

b7




= 2023335 733)

2 ‘2(7)1/2&72&('% 733 - 53'6 731+>

%6,0 = 2(7)1/2@F72h<_§3 73h>

-t 3

o070 = 2(71)3/2 :42_2 1(33(_% _ %731>

9,0 = 2(71)3/2}55 &2<§>

.08’1 - 2 %(g -5 731)1‘_‘33

%2 2w Zﬁ:; CT)A(% "5 7n - 75 732 = '1&15 %)
9,07 201)3/2 :?g i_3<'% 731)

9,1 = 2(71)3/ 7222 ‘I’br(-%%l | 876 730 - 515 ;41-2- %)
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3
2(77) 1% M2<672+1+8 . 31
eI s g 1y
L mP[12 72 B8y, T3 192 75 732 T 165 3|5,

Formulas for Use with Equation (55)

o)
a4

o)

ay

25

€o

1,1
= %ﬁ 91,1 ¥ 29,0
=T 1,2 * 301,3
=T 1,3 l“’l,h
=T %1,4 *t 5915

0'1,5

o} +—190 +§c"
- 21 7T 2,0 T 2 93,0

- iw 3

S 8%t T 9,1t 509, ¢ %,1
= iw 3 —
T %,3 YT %2,2 v 595,27 5, 5
- iw 3.

= oot T 9,3+ 3 73,3 7 92,3
_iw

=T %2,k

- 1w 2

" 93,177 93,012 %0

k9
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cq = 203 2*%’?’3,1 *%"h,l .
Cp = 303,3 + —]{J—D 03’2 + g— GLL,Q

€3 = %9“’3,3

dg = Oy,1 * }i}% 4,0 " % 95,0

d =20y o * T O,1 + 5 05?1

dp = %Q Oy,

iw

el—

|
<
Q

N

st

o
|
<
Q
o)
.
o

g1 = 297 0 7 i_éo‘ O7,1 % % 9,1
g = “307’3 + _iﬁa) 07,2 + % 08,2
& = T 97,3

hg = 08,1 * _1{1@ 9,0 " 2 9,0

=3
o
|
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. i~n = © + LU._) g + Z o '
©~"9,1 7 U 9,0 2 10,0
; iw
i T 09’1
. i
47 %0,07T
. = W wMc
Formulas for Use with Equation (55); ® = 7 = —
| B e
_k
°1,1 B
o0 = -%—63(-21)
g = !‘- ZT-) _.2_. - __1'_.
o . o= L3331 4 A
e 1 1
_ p~1/2
05,0 = BH/2(-1)
Op1 = 8-1/2 15(2)
- p-Ll/2 z2(2 _ 1
02)2 - B <3 3M2>
_g-1l/2 4530 1, L
02,3—8 iw <6+LLM2>
o b ML, 2,
2,k 30 7 oM goMt
-1/2 .= L
93,0 = P /24 ('g)

51
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1/2 1 .=3 L)
9,07 R <l5
/2 1 zuf16 1 >
09,1 = P 2 CD <75 g2
/21 suf-32, 8
clo,o =P 2 (525 +,75M2>

— _g-1/2 1 =31
Op,2 = P i® (h)

Formulas for Use with Equations (58) and (59)

bo' =0
439
B e

[@]
o
I
3
-
o
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fﬁg (b + )2 = 2nt/2 v 1) - 2032 4 ) < 28 09/2 ()

fﬁ@ (b +1)3 = 27]1/2(H + )3 - b,n3/2(p + )¢ + 15—6 T]S/E(H +1) -

32 1/
35

fﬂ—% (b + T]))‘L - 2T]l/2(u + n)l’r _ %6_ n3/2(u + 7])3 + 3?2 715/2(#1 + 71)2 )

L2 0 1/2( 1 ) + 2249/ (c6)
fdn A (T % 032 + ) - %5- n2/2 (c7)

fdn nl/e(u + )2 = -g— 713/20l + )2 - % n5/2(u‘ +1) + —156— /2 (c8)

(c5)
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Figure 2.- Wing area S, and diaphragm area Sp which lie in forward

Mach cone of a point (xp,yp) on right tip diaphragnm.
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Figure 5.- Pressure distribution along trailing edge of a rectangular

wing of unit chord with €€ =0.2, M =2, and x
with first method (Fresnal integral).

Calculated
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x=0.25) |0.50 o.7§ 1})\

D
(a) Real part of —.
qeliwt

nC
Figure 7.~ Real and imaginary parts of

along -y at various
ae .
values of x for a rectangular wing tip (k = 0) of unit chord with
%? =0.2 and M = J§ (used for calculating pressure distribution

on wing tip influenced by three-dimensional flow). Second method.
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Figure 8.~ Real and imaginary parts of

along -y at various

a
values of x for a rectangular wing tip (k = 0) of unit chord with

%:O.E and M = 2,
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Figure 9.~ Real and imaginary parts of .p along -y at various
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values of x for a rectangular wing tip (k = 0) of unit chord with

%’?:o.z and M = 3.
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